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melt) = m* / An E) + m*CAAE)
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GZA G Gs ⇒ measurable

m
#(G) = m

* (A) |mt- (G1 A)= 0 ⇒ GIA is mong ,

m*(GIA) ÉO A = G) (Gta)

GA(G\①
G n ( GNA

' )
-

G n ( G' U A) = A



Tbm : 1-FAE

1) £ is measurable

2) HE > 0 there exists an open
set U with 03£

and in#(b) E) < E

3) There exists a Gs set 63 E and m*(GhE)=0 .

Pf: We pest paved 3) ⇒ D.

2) ⇒ 3)

fu pick an open set On such that m*( On) E) < In
and EE On ,

Let G = A Un
.
.
Then EEG and by mon tonicity



m*( GIG) E m
#( Onlf) < tu tu

.
Hence mistake) -0 .

1) ⇒ 2.)

Case 1) m
# (E) Loo

.

Let E > 0 ,
let { In} be a measures cover of G-

such that Ellie) < m*(E) + E.

Let U= UIK . Then ECU and

m*lU) E E LCIK) < m*(E) +E

But because C- is measurable

a.
* (D= m*( on E) + m*( on E)

= m
# (E) + mA COMET

.



Here m
# (E) + m# ( Ulf) L m

#(E) + E
.

Since m*( E) < 00,
an
#( 04 f) < E.

Case 2) m
#(E) = ooo

,

For each new let En = En Enn] .

Let E > 0 - Find are open sets On such that each On > Ey

and m*(Un\En) < En .

Let U= U Un . Since each OPEN UZE
.

Moreover m
# ( Un ) E) Em# ( Orlen) < Een far attn

.

Additionally 0141 E) = UConn E)
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Upsh•t:<E•÷Borel sets

on - algebra , contacts the open sets

smallest sneak or -algebra .

A measurable set is almost a Borel set . C- ON = G-



G-erases TFAE

1) E is memorable

2) HE >0 3- a closed set Faith in
# (E)F)LE

3) I a For set FEE with m*( E) F)= 0 .

A measurable set us almost a
Boel set

C- = FUN .

Exercise : E is measurable ⇐- HE SO

there exist an open set U and a closed set F-

with FEEEO and m
# ( UF) < E-



SLOOGAN : Every measurable set is nearly an open
set

and nearly a closed set
,

Lebesgue measue possesses a kind of continuity .

El a- Ez E Es E -
-
-
- ←
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c- = U Ek
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Want m (E) = 1mm (Ga)
k→•

G = E
,

GUGU Gas = UGK = UEK
-

Gz = ENG ,
EN £2 Gk's one

Gz = Ez \(GO⇒ disjoint
.
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Kei

= 1am É m ( Ge)
noooo 1<=1

= Im m( ÑGI
noooo Ka )

= lay
noooo

m ( ÑEK)1<=1

= Im m ( En )nooo

"

Continuity from below '!

You can't pick up extra length on the lariat
,



{ Fk} Fk measurable

F
,
ZOE 20-33 - -

-

AFK m(AE)=¥z•m(F
Fn=[ nooo) un±(Fn)=oo

KE.vn#Fn)--m*CnFn) ?AFn=d
You



Prop ( Continuity from above)
Let { the } be a sequence

at measurable sets such

tut m (E) Loo and

Fiz Ez Fog - .
-

-

.

Than with E) = 1am m( Fk) .

seen.tes.IT#---
A war - measurable set .



IR with addition is a group .

④ EIR is a subgroup .

☒ 1-2- 2- c- IR ( coset)

I a- IR are a sabgraobllpof IR

I EIR is a (normal ) subgroup .

IRIK Get at •sets)

•-ÉÉ
@IR / I ~ [

0
, 1)



I :[ o, 1) → [0,1)

a :b =] ai-b-a.by#-bai-b-la+b
> I

H=Q-
9
,
iz → {

9T£

oh 1-2--1

H Iz 2- c- [ 0,1) Ez Iz → { Eat 2-
Eztz - I

✗ ry if ✗ - y c- ④

Exercise ✗ ny ⇒ ×,y
live in the some coset

.

How
many . coseley : uncountable may .


