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m*( C- OF> = m*(E) am# (F)

it E, F are disuoint and measurable

algebras of sets → cbsad center fade set operations

a- algebras of sets →
.
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If E. Few then EOF is measurable.
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M is an algebra .

Lemma: Let { Ei }i=
,

be disjoint measuablesets

Them for all AEIR

m*( An / Of:)) = Ém*(AAE;)
F- a

F- a

Pf : We proceed by indiction as u; the case a- I

13 obvious
. Suppose the result holds for seamen .

Consider v1 measurable sets Ei .

Let AE lR[ dissent



Since Ena is measurable

mx-CAA.tl?iEi)--m*(AskEiFi)nEn+i)+m*(An.EYti)nEn+i )
=mHAnEnH)tm4AhÉEi )
= m*(Arena)tÉn*AAE;)

F- i

not

= Em# ARE;)
F- I



Prop : Suppose {Gi} are dissent measurable

sets. Then Ei is omeesaubk
.

F- I

60

Pf: Let AEIR . Let C- = ¥.fi . For emden

m
# (A) = m*( An /E. Ei))+m*(ASK.I.fi))

7 m*(An(ÉEi))+m*(Ange )d ::&
=Ém*( AAE;) + m

# CANE)
F- 1

This holds for all n and here

•

MHA) > §m*(AAEi) + m
# CAME)



and therefore I ceantobkb.A
.

m*(A) 3 m*(An II. Ei))+m*(Are)

= m*(AnE) + m*(AAE) .

The reverse inequality is obvious so E is measurable

-

So
,
what if Gi 's are masaable but not disjoint?

F. = E ,

Fz = ⇐UEz)\F, FOR __ GUK
3

Fg = (GOEWENF.AE/Fi0FzUFz--E.Ei



Rinse repeat : Fk ÑFK = ÑEK
1<=1 1<=1

disjoint

masoabhe if each Ei is .

⑥

= UEK
Kei k=c
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measurably
Thun : M i} a

o-ahgeb-a.mn#/m--M→ Lebesgue measure
.



m satisfies 1) - 7)

1) -65
'/ 5)

ksds+É_

I = ( a, 00) is measurable
.
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( a. c) Cab,

+ a - b

c- b

C- tease: All internals are measurable .

* LAIR
Read every open

sets a animal

o$ open intervals
.

⇒ open
sets are measurable

.

⇒ closed sets are measurable



Gs For

9 ↳ countable anons of

closed sets
countable intersections

of open sets all measurable

-

Prep : TFAE

1) E E IR is mensa able

2) HE>0 there exists an open set
02£

such that m
# (Ulf) <E.

3) F a Gs set GZE sub that mtfGE)= 0
.



"

every measurable set is almost an open set
"

Pep : c- FAE

4) HE> 0 £ a closed set F with EZF

ad in
* ( ElF) <E

5) there exists an Fo set F a- E with

m# (El F) = 0 .

too
6) There exist an open set U and a closed

set F with 02 Ea F and
m*( UIF) < E.


