
C [ o , I] → compact subsets

( (X) ✗ is compact

complete totally bounded subsets

←
closed

bonded -47 totally boarded
.
( no County subsequence !)
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Def : A subset of C- CH) where ✗ is a metric space

is equicontiruous if for
every G > 0 there exists

8>0 so that if *,y←X with d↳y)< S

then I f- G) - fly) / C E for all f- G- Fr .

Each f- in an equicontinuous family is uniformly continuous
.

C-quicontinuity : one 5 works everywhere for all members of
the family .

Not
equicontinuous : I Go > 0 so that for all 8>0



there exists ×,y c- ✗ and f- c- Fr smh that

d↳y)cs but / f-G) - fest > % .

•

Bad e. =L µ
s > ° n÷- '" ☐ "" """

Lip [ a ,b] lip functions



Lipka,b]
- 1fW_fG) / ← 1<1×-41

( E > 0

Pick 8 so ks< E

Then if f- c- Lip
,<
Cobb]

and if 44€ [a,b] with 1×-4/28

then / f-G) - f- G)KKK -y /
< KG

< E



Boundedness and equine certainty are independent.

not branded
,
met eyuicb : C [0,1]

bonded
,

not eqmicts : Bho)

not bonded
, equity : Lip,< [on]

bonded
, equicts : BTLOJA Lip,<↳ I- -

Equicontinuity is necessary for a family of functions to
be totally boarded .

compact
Tbn : Let ✗ be anmet.ie space . Eveytotallybonddsuh.netIT at CH) is equicartouuag ,



Pf : Let ESO
.
Let fi , f. be an § -net

for Fi
.

Each f
,

in the net is uniformly costumes
,

so the exists 6k so that it ×,y€X and di,yK§

I f-KH - fkcy) / < § .

Let S= min 8k , so 8>0
. Suppose ×,y←X and

dlx, -13<8 . Let f- c- Fi
.

Then there exists from

the net so that 1) f- fall
@
< Eg . Then

/ f- G) - fly) / E 11-1×1 - fkksltlfydx-f.ly/i-/f,dy1-flyY
< Es + Is + Es



= E.

☐_
We will

seep
that boundedness + equicontinuity ⇒ total boundedness

1-if ✗ is ✓

compact doo ( uniform boundedness)
.

We will pane in fact pointwise boundedness + equicontinuity

µ ⇒ total broadness
.

He CCX) tf ✗ c-✗ thee exists Mx

such that

f. flx) / s Mx



for all f- EH .

Exercise : pointwise bonded + equocts ⇒

uniformly bounded
,

Thom : Let ✗ be compact . If 7- a- CCA is

pointwise boarded and
equicontinuous it is totally bonded

.

Then (Arzela- Ascoli)
Let ✗ be compact. A subset F-cat) is compacts

if and only if it is closed
, pointwise boarded and equicontinuous .



P : set of functions

from {a, -she}
to { y , , -, -1s}É¥ pts"

X, - -y
✗
a finite

Given pep

_tp= { feat :/ fw-pk.at/cEy,kkEk3
Goal : drama ( Ap) < e.

Fi a- ¥pHp


