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I ( ✗e) = É
'

Had Hidxe)= f- (xe)

Lanna : There exists a sequence Pklx) of polynomials as [0,1]

conversos uniformly to Tx .

Con : abs EPCOT ,

Pf : Let E > 0 . Let Pn be a polynomial such that

/ JI - Pnh / CE for all ✗ c- [0/1] .

Then if 2- c- El, I] , z2 c- [0,1] and

/ izz - Pnlzz) / LE for all 2- c- EH] .

That is
, I lzl - Pnlaz) / CE for all 2- c-Get]

.



Since Pnlzi) is a polynomial in z, we are doe .

☐

Pf of lemma! For 0£ ✗ £1 define Pok)= 0 and forth 0
,

detue

R⇐, G) = Pkk) + ×-P{ .
We damn that for all K 0£ Pinkos and

that Ra , G) → Pkk) . This is obvious when k=0
.

Suppose this holds for some k
. Then

Pkµk)= PKIH + ×-Pkz" 3 Pick 7 0 .
Moreover : Pw , G) = Pkk) + Ttzpkk-o.CI -Pkk))



E Pkk)+ I • WE- key)
= Tx ,

The proof that P1)+ , 3 Pk+, is now the same

as the above
.

The sequence Pk is bonded above and pointwise
monotone increasing and therefore conveys pointwise to

a limit P . Moreover

PG)= 1am Pink = 1in Pick> + x-P§#Koro
k→o0

= Pix) + x-(Pz#.



So for each xe [or] p¢f= ✗ and

sure PLAY 0
, PK)= OI .

Since [0/1] is compact and since IT is continuous

Dini 's theorem implies that the conesace is uniform .

☐_
Trigonometric Polynomials

n n

Tha ao + [ akcosckx) + Ebksihlkx)
1<=1 k=l

[-] fc-CET.IT]
-1T IT f- fit) - flit)
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→ continues 4-- periodic functions on IR

Gwen f- c- Cat and E>0 there exists a frog polynomial T

such that lfkl - TWICE for all ✗HR .

1) The product of trig polynomials is a tug polynomial.

sihckxsincmt) = { [ cos C(k-m)x) - cos ((Ktm)x)]



2) If T is a trig polynomial then Tlx -E) is as well .

sihlklx -E) = sinlkx -1¥)

É KE 0 mod 4
-
- { cos (Kx) k = I mad 4

- sinlkx) K E 2 nadt

- coslkx) KI 3 malt

Lemma : Suppose f- c- ①* is even. Then for all Eso

there exists a trig polynomial T smh that Ilf_TkafE .

Pf : Consider f- oanccos : C- 1,1]→ IR .
This is a castaway



function and thus there exists a polynomial p seek that

/ Cfoarccos) (y) - ply) / LE for all ye C- 1,1] .

But then

/ f- ( accost.sc/4))-.p(cosG-s)KE

for all ✗ c- E- it
, it] . Note that

_)
orcas (cosh) = { ✗ c- Cont]

-✗ c- Fito]

= 1×1 .

So I f- (1×1) - pkoscxs) / < E for all ✗ c- [-1%4]
.



Since f- is even and Lit- periodic

/ f-G) - pccoscx)) / CE for all XEIR
.

Note that p(cos as) is a trig polynomial . ☐


