
Prop : Suppose (fn ) is a seq of fanatics as

[ ab] sad that

1) Each fu is continuous and differentiable on [ooh]

2) Each fn
'

is continuous on [ a,b] (A)

3) f-n'→ g uniformly for some g

4) fn (xo)→ a for some to C- [a ,b]

Then there exists a differentiable faction f-
• Caob]

sad that



1) fn→ f uniformly
2) f- I = g

3) flxo)=c

fu → f- anton } f-
'

=

g

f! → g unit
,

flag fnj= ( him fn
'

)



Pf : Obscene for each n
,

f. G)= f. Go) + fits ds

by the FTC ( using continuity of fi ) .

Hence for ay i. c- Cab]
✗

fnlx) → a + £
,

gads
,

where we tune used uniform convergence of fn 's to g.

Let fW= Ct f¥gG)ds .



We have shaun fn→ f pointwise.

Note that flake and by the FTC and untimely
of g, f

'
= g.

Moreover
,
far

any ✗ c- [a. b]
✗

/ f. G) - f- G) If / f. (a) - f-(a) It f / f) G) →G) / Is
a

t Ifnla) - f- (a) I + (b- a) Hf!-gl /
• ,

Given E > 0 we can find N so that the RHS at this

ineaml.by is less than E if u> No This holds for all ✗c- 6,53



so fn→ f- uniformly .

xse+
BCX) {f : ✗→R : f is boarded}

(7. it, Ifk)kMKxEX)

Exercise : Hellas is a mom on BCX) ( which is a
vector space) ,

G-erase fn → f- in BCH ⇐ fn-f uniformly



doo is complete.
Prop : BK) is complete .

Sketch : Let Cfn) be candy in BK)
.

a)candidate
✗ c- ✗ / f. G) - fm G) / EH fn - fm / too

tf ✗← ✗ I f- G) , fu G)→ f-G)
.

b) show f- c- Bk)

Use Cindy sequences are
bombed

.



c) Show uniform convergence .

Late > 0 . Pick N so nimble ⇒ llfn-fmlt.EE .

Then if n3N and ✗ C- X,

If G) - fact / =/m / fix) - f. G) |
mono#

5- E

f
,
→ f- uniformly,

11 f- fall EE if ago
.

fu '"Yf .



Gov :s complete .

Pf : Note Clo ,☐ c- B&o, B) with the scene norm .

So it suffices to slow Clo,☐ is closed
.

Let ( fn) be a sequence m Clod] carvery

to some f- c- Basis) . [Job : f-Ecco,☐]
Since the fu's Cavese uniformly

,
f is continues

.

-

More generally,
if ✗ is a metric space

cbcx) = CCHA BH)



Exercise: Use the sure argument to show ↳ G) is

complete .

Exercise : It ✗ is compact then Ccx> c- B.G) and
CCX) is complete .


