
Uniform continuity

Def : A function f : ✗→ Y is uniformly continuous it

for every Eso there exists 8>0 so that it

✗i ,
✗2 c- X and dlx , , ✗a) < 8 then dffcx.),fGd)< E.

[ One 8 works in all places all at once] .
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, xz, dkyxoksdlfk.be) > E.
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C-quintet fomuletoos of v. c.

HE >0 , F S >
0 so b- ✗ c- ✗ ] Exercise .

f- ( Bsh) E Beach)

Prop : Suppose f : ✗→ Y 13 uniformly contoured
.

If A EX is totally bonded them so is f-(A)
.

Pf : Let A EX be totally branded
.
Let E > 0 and

find 8>0 so that for all ✗ c-X
,

f(Bs×C×DE BYE ftp.

Let a ,xz, - . ., a be a 8- net for A
.

So As Ñ BY (E) . But thy
k=s



④a-ftp.Bfla#Efk):xc-t3--UfCBjG.d)k--c
← Ñ BÉ( flail .

k=c

So f-(4)
, .

. .

,
f- (a) is an E- net for HAT

.
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Prop : Suppose ✗ is compact and f: ✗→ Y is continuous
.

Then f- is uniformly continues. fQ1=x-

Pf : Suppose to produce a contradiction that f- 13 U. C.⇐L÷:is not uniformly continuous.

directly
Then there exists an E > o such that

for all ne IN there exist an
, bn c- ✗

such that dian
, b.) < In but dkfcanhflb.DZ E

.

Since ✗ is compact we can extract a sequence ( and

converging to some an

Observer d( a, bnk) t dla, and + dcana.bz)
for eachK



S dla ,an←) + ¥ .

As k→o
, dla.am) →0 and Yok→ 0

.

Hence d( a,b*)→ 0; ie . byes a as well
.

We then hung by confounding f-(and → ffa) and flb:o)→ fca),

But this is impossible since d( floral
, flbyo) ) > E for all K

,

☐



f. A → Y

☒-o
I'd like to extend f- to all of A-

.

f- : A- → Y
'

We call such an f- a

continues
/

f- |A= f- continuous extension
.

f-
, ,
Fz §=§z an A



f :( 0,1] → R

'÷÷÷*¥f :( 91] →R



Tbm : Suppose A- C- X
,
f : 1-→ Y is uniformly continuous

,

Y is complete, and A- = ✗
.
Than there

exists a uihigue continues fanatics I :X → Y

such that Itt = f- . Moreover
,
I is uniformly continuous

.

Pf : Let ✗ c- ✗ and let Can) be a sequence in A

conversing to × . Since Can) is Candy and since

f-isu.ca/(f(an))i3alsoCaudry.f
Since Y is complete , flan)→ Y for some yet .

We define f- (x) = you

[Is f- well defined?]



Note that the value IG) is independent of the choice of

severe .
Indeed

,
if zn→ ✗ then

(9) 2-1 saz, te, . .
- ) also converges to ✗ and

by the argument above (flail , flail, flat, flat , . . - )

converges to same Inn . But this sequence has

a subservience carvery to y
and hence y^=y.

But then f- (za) → y as well .

I claim that f- defined this way is uniformly Centaurus
.

Indeed let E> 0
.

Pick 8 so if a.bet and dla
,
b) < S

then d ( f- G) , f- (A) < Elz .



Now suppose a ,b←X and d( a.b) < 43 .

Fond sconces Can.),( bn) in A with an→ a, bpsb .

Pick N so if n>N d Can
,
a) < 43 and d(bn

,
b) its .

Then if nz N

dlan.br) s Ilan
,
a) + dlaibi-dcb.br )

< Is t £-3 + § .

So for 3N
,
Ilan , b.) < S so d( flan),fCbs))< E.

Note: d / f-(a) Ikb))=Yg• dlflan),fCbs)) .
Hence dlfca), Flo))<_ ELLE . ☐



[Note : I /A = f- mug constant segues]

a c- A ( an) an= a

f- (a) = 1am f- Can) = Inn f(•)=f§
nooo

read


