
Given a compact metric space X, what subsets

are compact?
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⇐ closed free

Prop : If ✗ is compact, A- EX is compact

iff it is closed .



Warning : continuity preserves neither of completeness

nor total boundedness

( see HW)

But : the mask combination of both is preserved.

Continuous functions map compact sets to compact

sets
.

Prop : If f : ✗→ Y is continuous and KEX is

compact than flk) is as well ,



Pf : Let ④ be a seance in HK)
.

We can find a sequencer in K such that yn=f(%)
.

( tn)

since K is compact we can extract a

convergent subsequence Gnk) . Conversing to a limit ✗EK ,

By continuity yynk __ flak)→ f-G) c- FCK) .
☐



and nonempty
Con : If ✗ is compact dud f : ✗→ R is

continuous then f- achieves or minimum and

a maximum .
That is

,
there exist xm, ✗µ

C- ✗

such that flank fHEf(×µ) for all ✗ EX
.

Pf: Since ✗ is compact, f-(4) ER is compact also

and therefore closed and bounded
.
Let y= sup (f-

this exists since f-CD -1-01 and is bonded above

Let (yn) be a seance in FCA conversos to y .

4-E

:-,



Since Fct) is closed y a-
f-(4)

.
So y= fly

,
) far

same Xm ad fkn) 3 f- E) for all ✗ c- X

-

✗ : compact
y

continuous

CCX) :={ f. ✗→ R : f is cts}

11ft /
•

= sup { / flat : ✗ c- X}
= mat { Ifat : ✗ EX} (well defined by abroad

exercise : II. Hoo is a norm on CCX)
.



Def: A space
AEF topologically compact if

whenever { Ua }✗←
,

is a collection of open

sets with⇐±↳→nÉ%I+om•m
On , Vass . . .

/ On such that AC 0% .
-
finite subanen
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✗ not topologically compact :

there exists an open cover with no finite

swbcover red

Elk } ✗ =Uk⇐¢=?⃝
a

✗ =/ Uh.⇐¢=,lÉ1<=1

salty
✗ is topologically compact ¥ wherever { Fa } is

¥
a collection of closed . sets such that Fact

for
any finite sub collection
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