
Than : Suppose
'

✗ is complete . Then

A- EX is complete iff A is closed
.

Pf : Suppose AE ✗ is complete. Suppose Can) is

a sequence in A cowegcytolan.tt ✗ E-X .

Since

Ian) is conversed it is Candy . Since A is complete

(a) converses to a Innit a c-A .
But convergence int

implies convergence in ✗ . Since limits are unique a=X .

Conversely suppose A is closed
.
Let can) be Candy

in A. Since ✗ is complete and sake (a) is also

Candy in ✗ , an→ ✗ for some ✗C- X
,



Sauce A is closed ✗ c- A .

So Can) converses int

toanelenafo.la#Def:ABma-hspace-
is a complete normal

vector space . ¢10,1],G) → notcomplete

E.g.IR , CR
"

, A) , la
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For named vector spaces there is an alternative

tool for demonstrating completeness.

✗ → normed vector space

[ Xk Xk c-✗i •

SI
↳ k= '

Sn = £11k Sn → ✗ ⇒
1<=1

Exe ✗
Ka



A series in ✗ is absolutely scannable

00

if [ 11×1<11 converges . [ ✗k
1<=1 k=①

✗

Convergent series need not be absolutely scannable.

00

i¥¥?⃝
Recall : An absolutely convergent series converses ,

a
of neat numbers



Thom : A normed tE space
✗
is complete iff

every absolutely summable series in ✗ converses
.

Pf : Suppose ✗ is complete .

Let Eaa be
1<=1

N

absolutely summable
. Let sn

- ¥,

"
k

"

Then if Nam

Hsu - smh -_ HE and / E§=µYai?⃝tm - tuk=Nt1

N

Let tn= E Haidt . Observe that
F- I

% - to = 211%11 .
gu, ya

=/⇐ ' Ed
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k=Nt|



series is absolutely summable the sequence Ctu )
is candy as is the sequence ( su ) .

Since ✗ is complete (SN ) converses, as does
60

EH .

1<=1

Conversely, suppose absolutely summable series in ✗ courage.

Let (Ku) be a Gualy sequence.

Find N
,
so if n,m3N , , llxn - xmlktz .

Find Niall so if am > the llxn -xmllk (E)
'



Continue inductively to build a sequence of indices

N
,
L Nz < Ng s - - -

-

such that if u.mztkllxn-x.lt < ?

Consider the subsequence (✗%) .

Observe

Xµk= ✗
µ
,
+ (Xue- Xu,) + (✗n,-gift - - t ↳- xµ*)

ztzi.IE 1 .Note ÉHXN
;
- Xv,=,H E E

j=Z



Hence £ (Xµj - ✗µ;D is absolutely summable

j=Z
GO

and hence summable
.

These E ④s- ✗⇒ converses
1<=2

as does (Xµµ) . These Gn) is a Cady

sequence with a convergent subsequence and corteges .

-

HW : You will use this test to show l
, is complete.



Def : A set A EX is compact it every

sequence inA bus a convergent subsequence.

conversing to a limit in A
.

Lemma : Suppose A- EX is complete and totally bonded.

Then A is compact.

Pf: Let Con) be a sequence in A.

Since A- is totally bonded we can extract a

Candy subsequence (ante ) . Since A- is complete



caudcoroesestoal.m.tt#
Lemma: Suppose A- EX is compact . Then it is

totally boarded .

Pf : Let ( an) be a segue in A.

Since A is compact there exists a convergent

and hence Candy subsequence .

TÉAiÑÉ
13 complete .



Pf : Let Cal be candy in A. Since A is

compact we can extract a convergent subsequence

(and conversos to a lout in A- Since the

original sequence is Candy, it also converses

to the sure limit in A .

-1hm : A set A- c-✗ is compact Ifitisconpleteadtotakybaended.IT
shsdsof IR closed and banded
one compact⇒I


