
So dlxnk
, in;) E diam (AK) 4- ICE .

☐

-1hm : A set A c-✗ is totally boarded off every
sequence in A has a Candy subsequence .

Pf : Suppose A- is totally boarded. Consider

a sequence Cx) in A. Since {×
,

: new} c- A
,

it is totally bounded and the previous lemma shoes

it admits a Canady subsequence.

Conversely suppose A is not totally bounded.

[ Job : show there exists a sequence with no Couahyswbseg .]
Then there exist E.> 0 such there does not exist



an E.net. Body )
Pick ×

,
c- A

.

Since { a} is not an E-net Ex
,,xz}

we im find xz C-A
,
xzct Belt,) . Since {4*3 is

rut an E; rent we can find tz C-A task Be§i) .
F- c

Continuing inductively we can construct

a sequnee (tn) such that in -4m |←&
dlxmxm) > Eo

This sequence has no Candy subsequence.
☐



Cor : Bolzano -Weierstrass

Evey bounded sequence of veal numbers has a convergent

subsequence.

Pf : Suppose (xn) c- C- R
,
R] for some RZO

.

Then A- = { tn : new} is totally bonded
as ER

, R) is and hence it admits a

Candy subsequence . Candy sequence of real numbers

converse. ☐
.

1- 2 pinch : 1) use total boundedness to
extract a candy sub sequel@



2) Use completeness to verify
convergence

.

Def : A space ✗ is complete if every Candy
sequence in ✗ converges .

e.g. ① IR dftqb, =/ a- It /b-d)

② 47 with l , norm
,

Pfc. Suppose (⇒ =# yn )) is candy .

Observe / ✗n - ✗m/s Kzn - Zmlli

Here ( xD is candy and cowesea.to

some limit ✗ a



Similarly ( yn) converses to a Inuit
y .

We claim Zn → (x,y) . Indeed

Han - GNI
,

-

- Ix
.
- x1 + ten - y/→ 0

.

-

Notice : again two steps

a) Exhibit a candidate Cay) .

b) zn → ↳ y)



Let's show Lz is complete .

Cauchy
suppose ( in) is an sequence

in lz .

Xue lz tick> GIR xn=(xnCD, xnkl ,✗nl3), - r - -)

We need a candidate.
2

I ✗nd) - ✗m( 1) I E É / xnlk)- xmlkst-llxn-xn.IE
1<=1

Hence ( HH) is Cauchy in IR and courses

to some 1mA y( 1) .

Proceeding similarly
,

each (alk)) converses to



a limit
y (K) . let y = (4111,4/21,713), - - - ) .

a) Is y c- le?

b) Does a.→ 9 ale ?

41k)- ylk)
a) Observe for each K 1%4<114 ly(kit

É / yank = Ian É lxnlk)F
1<=1 noooo 11<=1

K

= tan sup E / Xnlk)F
→ oo kit

£ 1mm Halli
noooo

since (a) is Canty, it is bonded and there



exists M such that Hulk EM Ha
.

So for each K €141141's M?
1<=1

TWsHyk£M%#
É ay

an> 0

n= I

"÷÷÷÷÷→
b.→ b



Does ✗nosy ?

Let E > 0
.

Since (a) is Carly we can find

N so if n.sn > N, Illy-xmllzc E.

Observe for each K
,
if n > N

É / ylk) - xnlk)F= 1am EK lxmlkl - xnlksl
"

1<=1
an -900 1<=1

a- limsup llxm -all}
m→of

e e!



But then A n> N
, ly - alle EE .

This tn→Y.

HW : l
, , leo, ↳ are all completes

(( [0,1] , Lao) : also complete (-1-00)

( ( [ 0,1], L , ) : not complete


