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sequences

here coruesert subsequences
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Two issues
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3. 1,3*14,3*141 , - . -

faith position
.
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Em
( eu) is bonded in log ( on, o, 1,9 .> or -1,9 -
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I
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So no Cauty subsequence
-

Def : A set A E ✗ is totally boarded if for all a> 0

there are finitely many points ×
, ,
- -

, tu C- ✗ such that

A a- Becxi ) .

Such a collection of points is called an e-net- for A.



6--1
Exercise

: A totally banded set is boarded
.

[ is the converse true? No,
but yes for RJ

A- = { en} a- too

Banded but not totally banded.

There is no 1k- net .

2-
I s - -

, ZK c- doo

A & Ñ Byzcz;) BEG
y

↳ can contain at most •• en

↳ contains at most K elements of A .



Alternative Characterization

Lemma : A set A is totally boarded ifff far all e>0

there exist A
, , An EA such that dreamAKLE for

all K and A c- ÑAK .

Kel

Pf : Suppose A is totally boarded. Let a>0 and consider an 4.*-set

{×, , - is in } . Let Ak= Be,fxk)AA .
Nate: downAks Ece .

Moreover AE ① Bqzlxk ) and here
k=c

n

A- = Ante Ñ An Beak)= OAK .

k=l 1<=1

Conversely, suppose Ai, ⇒ An are subsets of



A with diameter less than E for sane E> 0 .
with

AEUAK .
WLOG each 1-+1--0

For each K pick ✗←
c- Ak . Since dawn < E

,

Becka)2Ak .

✓
dlx
,g) c- diurnal
44 C-Ak

Then ① Beka) >_ ÑAK > A . d↳y)£dcm(?⃝ke ,
ka

Banda
. )
#= AK

So { ×
, , . . . ,✗n } is an E-net .

coi.com.es/olakybaended.Ik-.(k--,Eigke(?#daenlIk)
- In Ice [on]



Exercise ER
,
R] is t.b.HR > 0 .

Exercise If A is f. b. and BEA then B is t.be .

C-exercise: Bounded subsets of IR are tab .

-

total boundedness has a lot to do with Cauty sequences .

Lemma : Suppose (4) is candy in X
. They

{ xn : new } is totally boarded .

Pf : Let E> 0 . [Job : exhibit an E- net] . Since

the sequence is Candy there exists N so if um 3N

d( Xin, Xm) < E . We damn {4,42, - . .,Xµ} is an E-net
.



pixi""Nµµk > N

Iaeed.e-na.v.x.c-os.cm?I!?Y#*@m
.

Lanna : Given a sequence Gn)
,
if { xn : new} is totally

breaded
,
then the sequence admits a County subsequence .

Pf : If { ×
,
: new} is finite we can extract a constant

subsequence . Otherwise let A. = { xk ! keen}
.



Since Ao is totally banded there exists a subset A
,

with down A
, £1 sack that A , contains infinitely may

ferns .

Since A
, is totally bowled there exists A> a- A ,

with damn Az Etz at Az contains ihl-ant.by many teams

of the sequence.

Cortinas inductively we can find subsets

A. 2A, 2 Az 21-52 - - -

where dim AKE 11k and each Ak contains

infinitely my
terms of the see voice .



We extract a subsequence as follows
.

Pick a
,

such that *u
,
c- Ai .

Pick nz such that uh> n ,
and x.az

c- Az .

This is possible since ×
, , Xz,

- - . -

, Xn,
does rat

exhaust the infinite set Az .

Continue inductively we construct a subservience ✗
me

where each ✗
y
G- Ak .

To see that the sequence is Candy, let E>0 .

[ Job : show there 3- K] Pick KEIN so that VK.GE .

Suppose k
, 's > K . Than ✗

*
c-AKE A-☒ Similarly, xnjeltk.



So dlxnk
,
✗g.) E diam CAK)<_ ICE .

☐

Than : A set A c-✗ is totally boarded off every
sequence in A has a Candy subsequence .


