
C-tease: A finite intersection of open sets is open

d- fate onion of closed sets is closed
.

µ

✗ c-A F r> 0 with Brcx)eA
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Def : Gives a set AEX
,
A- ( the closure of A)

is the intersection of all closed sets containing A.

Note : ✗ is a closed set containingA

A- is closed and in the smallest closed set

containing A.

Prop: Let AEX and let ✗ e. X . TFAE

1) ✗ c-A-

2) He> 0 Balan A -1-4 ( 7- yc-A.dcx.ci)< e)
3) F a sequence in A conversos to ✗ .

Pf : 1) ⇒ 2) via 1. 2)⇒ ! 1)



Suppose for some Ezo

$
°

Bacon A- = ¢ .

Then [BeCx5f
'

is a closed set

that contains A and hence also ask.us A-.

Since ✗ e Baek) , ✗ & A- •

2) ⇒ 3)

(we did a proof①just like this
last class;

use E= In )

3) ⇒ 1)



Suppose Cxn) is a sequence in A canescens to x.

Then (g) is also a sequence in the closed set AT

Bythesequerfudchwacteczat-asd-closedsetgxc-A-QT-IRC.co
, ☐

✗ c-R qn→x qn C-Q

[use decimal expansions]

A- is the set of points in ✗ that can be

approximated as well as you unit by points oh A.

Det: We say a set A is dense in ✗ if A-= ✗ .

A space ✗ is separated if it admits a countable dense set.



caentablecsmaraseable.sepovbkbalmostasmana.se
P [0,1] c- Chai]

t
poly 'Is restricted to [or]

Is P[0,1] open? closed? dease?

P[Ñ=C[o,☐ }
we'll prove this !

~
Indeed polynomials with national coefficients one dense

and hence ( (0,1] is separable .



Metnzsonndatedspaoes

If A- EX and ✗ is a metric space , so is A-

in its own right
.

-dacx, 4) = d×(xx)

Exercise: UEA is open ⇐ F V
, open

on X
,
VnA=U

WEA is closed ⇐ I ZEX, closed ink ZnA=W

Prudent spaces : X
,
Y metre spaces

✗ ✗ Y = { ( x,y) : +c-X, yet}



day want Cxnsyin) → ↳4) iff

xn→ ✗ and ya→y

{
dxk.at + dy 1*0,41)

dxxy ( ( xoxo) , Cxc, y,) ) =
( dxlxo,×Ñ + dylyo,qT)

"

omaxldxlxo,xD
, dy (-10/41)

÷::÷÷::÷:+.⇒
and hence the sure closed sets and here the same open sets.



Continuity :

Def : We say f- : ✗→ Y is continuous at ✗ C-✗

if for all e > 0 there exists 8>0 so that

if z c- Bgcx) fcz)€Be( f-(A) .

[ f- ( Bsk)) a- Be ( fwy]
Brk)={e-× :

dk.mn}

to f- (A) = { fca) : a c-A}

⑨$ ⇒"¥Ñf(Bscx
))

Bslx)



Def: A forctcae f- ✗→Y is sequentially continues

at + c- ✗ rf whenever in→ ✗ in ✗
,
f- (a)→ f-G) in Y .

I h→× ink saeohthd-f.at/sfG)
Prop : A fantin is continues at ✗ if and only if

it is sequentially continuous at × .

Pf : Suppose f is continuous at × and ×
,
→ ✗

.

[ Job : fin) → f-Cx)]
Let E> 0 . Then there exists 8>0 such that

f-( Bsa) c- Be(fCxD . Since a- ✗

there exists N so if nzN than xne Bgcx) .
Hence if us,N f- (a) c- Becfcxs) and hence → f-G) .



Conversely suppose f- is not continuous at ✗ .

Since f is not continues
,
there exists ESO such that

for all s> 0 f(BgCx))§ Bectcx) . So for

each new we can pack in € Big G) with

d(f(xD
,
f- (A) 3 E

.
But then xn→x

and fkn)→ f-G) .

¥0 a)


