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f : IN ✗{0,1}→ AOB

f- G, K) = fk.la) is a surjection
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Theorem : IR is uncountable

Pf: It is enough to show that [0,1] is accountable .

Let (a) be a sequence in [0,1] . We will show

the sequence does not exhaust all of [0,1] .

Let us write

✗1=0 . are aiz
-
-

r Chase /o)
1-2=0 . amped - - -
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+3 = Oc Ag , azz zz- .
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In the case some ✗
n admits two expansions, pick the

terminators one . Let if akk -1-7
b.= {73 if ukk = F.



Consider
✗ = 0 . b. babs -

.
.

.

C- [Oil] .

Tt has a unique expansion because no digit is 0 or 9 .

Moreover ✗ =/ ✗
K for all K saree ✗ has a

unique expansion and saree bk -4 akk .

N×yV×
is countable b- KEN

1µW

IN ✗ IN ✗ IN +. - -
-

-

L R ← Is this countable?
{ 0,13×{0,13×30,1} ← .

- -



Exercise : Use Cantor 's diagonal trick to show

this is not countable
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Mup : A→ [ 0,1] , Canto- function

60

✗ = [ Zak

k= , -3k
where each ak←{o, c}

GO

1--64=2 "€
K=s

This
map is cleanly onto

.

Since [0,1] is uncountable
so is A

.
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1/3 43

f- ( Ks) 31=0.022 - - -
-

- Chase-3)



f- ( Ks) -_0,011 - - -
- Chaser)

= Oc lo - - -
-
( base 2)

÷
F(%) 2-3=0,200 -

. - (base 3)

Flats) = 0.100
- - - Chasez)
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Exercise : F is increasing .

We can extend F to all of [91] by
F- (e) = sup{ Fly) : yet

, -1<-1-3



→
-

-

→⇐
-

Metric spaces :

✗ set
.
A metric on ✗ is a function

d : ✗ ✗ ✗ → IR such that

1) allay) > 0



2) dlxsy) = 0 ⇐> x=y

3) dk ,y) - da,x)

4) dlx,z)sd(x,y)+dG,z-)¥x,y,z←#
Triangle inequality

•
Y

.#z
-

A set equipped with a metre

"

is called a metre space.



e. 9 . IR okay)= Ix - y /

IRS dlx,y)=k-yÑ+(k-yeT+Gs-%#
5- = { ✗ c-R

':dG,o)=É
i dlx,y)=

Any subset of a metric space is a metric space .

( [0,1] → continuous functions on [0,1]

dlf
, g) = sup / f-G) -glx) /

✗ c-6,1]



= max / f-G) → G) (
✗C-Cool]

A ircq :

/ fk) - skye / ft) -halt /

hkl-gl.us/Edlf,h)tdCh,g)EEo.ig/fk)-sCx)/EdCf,h)tdlh,g
)
-

dlfgg)



Related notion : norm on a Hector space .

Cred

A norm on
a vector space

✓ is a finely

11.11 : V→ IR such that

1) 11×11>0 b- ✗ c- V

2) 11×11=0 ⇐ ✗ = 0

3) 11m11 -_ 1411×11 taek, ✗c-
U

4) 11×+411<-11×11+1412 ( a mom tells you

distance from 0 )
↳ triangle inequality
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Given a nanny we have an associated metric

dlx , -11--11×-911 / d↳o) -41×-011--11×11
metres

Each at the earlier worms on R
,
R
>

and can]

arise from a norm
.

If 1-c- 1123 11×11 __ti+IttsÑ
( [91] 11ft / = sap lflx) / = max Ifk) /

✗C-[0,1]
✗ c- Cool]


