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Eigenvalue Refresher

A vector x is an eigenvector of A if there is a number λ such that

Ax = λx.
Picture:

e.g.

A = �� �
� ����
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A = �� −�
� � �
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Computing the 2-norm

The 2-norm of a matrix is the square root of the largest eigenvalue

of ATA.

��Aw���� = (Aw) ⋅ (Aw) = wTATAw

If ATAw = λw then

wTATAw = λwTw = λ��w����
So ��Aw�����w��� =

√
λ if:¥÷rowsA- [
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Now compute eigenvalues.
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Now compute eigenvalues.



Condition Number

Want to solve Ax = b.
Solve Ay = b + ∆b with y = x + ∆x

��∆x�� = ��A−�∆b��
��b�� = ��Ax��

For all y and w:
��A−�y�� ≤ ��A−�����y��
��Aw�� ≤ ��A����w��

��∆x��
��x�� ≤ ��A−���

��∆b��
��x�� ≤ ��A−���

��∆b��
��b��
��b��
��x�� = ��A−���

��∆b��
��b��
��Ax��
��x�� ≤ ��A����A−���

��∆b��
��b��
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Condition Number

κ = ��A��p��A−���p
is the called the condition number of A (with respect to the p
norm).

When solving A(x + ∆x) = b + ∆b,
��∆x��p��x��p ≤ κ

��∆b��p��b��p
It tells you how relative error scales from the input b to the output

x.

p
p, A KplA)

P

E

smaller is better!



Matlab Demo



Error in A

Suppose we solve: (A+ ∆A)(x + ∆x) = b
The relative error in x is still controlled by the condition number:

��∆x��
��x�� ≤ κ

�
� − κ��∆A�����A��

��∆A��
��A��"""



Conditioning vs. Stability

Recall

A = ���−�� �
� �� A−� = − �

� − ��−�� � � −�−� ��−���

��A��∞ = � and ��A−���∞ ≈ � so κ(A) ≈ �. This matrix is well

conditioned. We expect when solving Ax = b that

��∆x��∞��x��∞ ≈ κ�

Instead: found a relative error of size 1.

We did a lousy job even though we could have been reasonably

expected to do a good job. This is an example of instability.
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