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How big is a vector?

�∆x�
�x� = κ

�∆b�
�b�

b = � �−����
How big is b? Three common measures.

One-norm:

��b��� = ��� + �− �� � = �
�
�
= �.�

∞-norm:

��b��∞ =max����, �− �
�
�� = �

2-norm:

��b��� =�b�� + b�� = �� + �
�
� �

� ≈ �.��
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Motivating Condition Number

��∆x�� = ��A−�∆b��
��b�� = ��Ax��

Suppose

��A−�y�� ≤ M��y��
��Aw�� ≤ C��w��

no matter what y and w are.

��∆x�� = ��A−�∆b�� ≤ M��∆b��

��∆x��
��x�� ≤ M

��∆b��
��x�� ≤ M

��∆b��
��b��
��b��
��x�� = M

��∆b��
��b��
��Ax��
��x�� ≤ CM

��∆b��
��b��
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Matrix Norms

Suppose

��Aw��� ≤ C��w���

no matter what w is. Then, if w ≠ �,
��Aw�����w��� ≤ C

so long as w ≠ �.

The �-norm of A is the smallest C that works in this inequality.

��A��� =max
w≠� ���Aw�����w��� � .

We only need to work with ��w��� = �:
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Matrix Norms

��A�� = max��w��=� ��Aw��
What does this measure?

If you start with a size 1 vector, what’s the largest length that A
can make it grow (or shrink) to?

If you start with something (w) at length

1
,

how long can Aw possibly
be?
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How to compute ��A���
Suppose

A = [v�, . . . , vn]
and ��w��� = �

Let M =max(��vk ���). Then
��Aw�� = ��w�v� +�wnvn��≤ �w����v���� +��wn���vn��≤ �w��M +� + �wn�M= M

And if M = ��vk ��� for some k, let w = ek to get equality.

��A��� =max
k
(��vk ���)
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How to compute ��A��∞
Suppose

A = ���
� �−� �
� �

���
and w = [w�,w�,w�]T has ��w��∞ = �.

Let’s compute ��Aw��∞:

��A��∞ is the maximum �-norm of the rows of A.
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Eigenvalue Refresher

A vector x is an eigenvector of A if there is a number λ such that

Ax = λx.
Picture:
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Computing the 2-norm

The 2-norm of a matrix is the square root of the largest eigenvalue
of ATA.

��Aw���� = (Aw) ⋅ (Aw) = wTATAw

If ATAw = λw then

wTATAw = λwTw = λ��w����
So ��Aw�����w��w =

√
λ
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