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Cubic Spline Interpolation

Goal: Create a ’smooth’ interpolating piecewise polynomial

knowing only sample values but no sample derivatives.

Nodes: x�, . . . , xn; values f (x�), . . . , f (xn).
Cubic on each interval: �n unknown coe�cients.

Each interval gives two conditions to match funtion values: �n
conditions

Matching first derivative at each interior node gives n − � additional
conditions

Matching second derivatives at each interior node gives another

n − � conditions.
Total of �n − � conditions; two more to be determined later.
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Cubic Spline Derivation

Let s(x) be the piecewise cubic spline.

Let zk = s′′(xk). On interval k (� < k < n):

sk(x) = f (xk−�)(� − θ) + f (xk)(θ)+
+ zk−� (� − θ)� − (� − θ)�

∆x�k + zk θ� − θ�
∆x�k

θ = (x − xk)�∆xk, ∆xk = xk − xk−�
This cubic matches 4 conditions (2 values, two second derivatives)

X
xx
XH Xia

{ 3skcxid-ffx.IOs,dx⇒=fG*)
K - l

X - Xu
Okk,¥µ,

OCH -- O 064=1



Cubic Spline Derivation

Let s(x) be the piecewise cubic spline.

Let zk = s′′(xk). On interval k (� < k < n):

sk(x) = f (xk−�)(� − θ) + f (xk)(θ)+
+ zk−� (� − θ)� − (� − θ)�

∆x�k + zk θ� − θ�
∆x�k

θ = (x − xk)�∆xk, ∆xk = xk − xk−�
This cubic matches 4 conditions (2 values, two second derivatives)

E'(x)=Zky(tAtZT
1- zk3-0s×±

Xk AKE

- O
-I ZKQ

Go"(x*) = 2-
Ky

Sk
"

(E) = Zk



Cubic Spline Derivation
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First Derivative Matching

s′k(xk−�) = f (xk) − f (xk−�)
∆xk

− zk−� ��∆xk −
�
�
zk∆xk

s′k(xk−�) = f (xk) − f (xk−�)
∆xk

+ zk ��∆xk −
�
�
zk−�∆xk

Want, � ≤ k ≤ n − �,
s′k−�(xk−�) = s′k(xk−�)

∆ fk−�
∆xk−� +

�
�
zk−�∆xk−� + �

�
zk−�∆xk−� = ∆ fk

∆xk
− �
�
zk−�∆xk − �

�
zk∆xk

�
�
∆xk−�zk−� + �

�
(∆xk−� + ∆xk)zk−� + �

�
∆xkzk = ∆ fk

∆xk
− ∆ fk−�
∆xk−� ∶= ∆∆ fk
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Cubic Spline Interpolation

For � ≤ k ≤ n − �
βk = ∆xk

�
; αk−� = �

�
(∆xk−� − ∆xk)

βk−�zk−� + αk−�zk + βkzk+� = ∆∆ fk
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