
First goal for today: IN is infinite .

Lemma : Suppose f : ask→ IN for

some ke IN . Then f-(Sk) is bounded

above
.
(I. e. there exists N in IN

such that NY f- G) for all je se)
,

Pf : we proceed by induction on k .
First observe that if f : s ,→ IN

then f Cl) is an upper board for



f- ( si) . [ f- (si) = {
{Yz

t ' a ]

Suppose for some k c- IN that wherever

f : Sk → IN then Had is boarded above .

Now consider some f:Skt,→ IN.

[Job?] ( Shon f Gen) is bounded above]
Observe flask, )= f- (Sk) U { f-(ki-D} .
[ skit = Sk U { ktl} so fG⇒=fCsDU{ttkHB]



[f- (AUB)- f U FCB)]

Let M be an upper board fer ffs#
Measles by the induction hypothesis .
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Observe that N= max CM, f-Cloth)
is an upper broad for ftskti) . D



(or : IN is infinite.

Pf : We will show that for all KEIN

if f : gas IN then f is not

surjective .

[ IN is infinite IN is not finite

⇒

If 1N were fante then therewould be
a bijection g : Sk→all for some k .



' Consider some f:S,a→ IN for Sarek .

Let M be an upper board for Hse) .

Let N= Mtl . Then for all j E Sk

f- Cj) E ML MH = N.

Hence Hill N for all jest and

therefore f is not surjective .
,y



*
Prop : If A E IN then A is at most

countable.

÷÷÷÷÷÷±:::::



Claim IN × IN is countably infante .

HUHN = { ( a, b) : a.BE IN}
↳ IN
② ② ⑧ ② - - . .

• or o o n n

* ¥¥÷i÷ .or a s r .
- -

T ' '

l l l l

(3,2)



Con : ④+ = { q E Q : q>03

is Kantaby infante.
f-( I ,2) = I
f-(2, 4) = Iz

Pfi
.

Define f : IN+ IN → Qt by
f- ( a.b) = a/b .

This is evidently surjective.

Let g : IN to lN×N be a bijection -

Then fog : INS Qt is a composition
of surjection and hence a surjection

.,y



f- tease: Show from earlier results today
that if A- E B and A is infinite

then so is B.

④+ contains IN which is oufirite.
-

④ = Q- 020300kt
↳ gaea : eco}



← countably infinite
On homework: A onus of at most

countable is at most countable .

Cor : A finite union of at most
countable sets is at most

countable.

A, in -

, Aia , d, ¢ , of--

Upshot: IQ is countably intonate.


