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Evey bounded sequence has a convergent subsequence.

Pf : Let {xn} be a bounded sequence

and pick MEIR such that lxnl EM for

all n ,

we first show that we can build nested



closed intervals I, Z Izz Iz Z - - -

sack that I Ik I = 4M 2 -k and such
that Ice contains infinitely may terms

of the sequence .

Let I, = EM, M] , and note that I If 2M
= 4M. 2- I

ad - that I
,
contains the entire sequence.

Now suppose Iq. . .- , Ij hare bees
constructed with the desired properties.



Divide Is into two equal length closed1¥,

sub intervals It ad I
-
.
I

observe that I
Htt - II. 1--11,1/2

- i

= 4M - 2-5/2 = 4M .
2- fit?

Moreover one of It or I must contain

infinitely many tens of the sequence since I;

does
.

From the NIP we know that there exists



some x E A Ij .

Let a,= I so Xn
,
C- Ii .

Pick na to be the least integer such

that a) na > n,

b) Xnz E Iz .

Continuing inductively we can pack indices

9k such that aka > ink and

Xnk E Ik '



I damn Xmas x . µk%%
!
Aken

Let E >o .
Pick KEIN such that

- K → 2-KLIM2M 2 L E '

z-k③
Then if KY K xnk , X C-Ik

so Ix - shelf /Ik/=2M2-kE2M2- Kae.
Of z

-KEI Tf



-n M n

1-1
tf
ki

•
← X

-

when does a sequence converse?

a) Not bonded⇒ does not cause

b) Monotone t boarded-7 converses



c) Boarded⇒ a subsequence courses

d) If the terns are setting closet
closer together, the sequence converges.

-

Iim an = a
"
the terms an get

n→00

closer t closer to a
"

Formally : Gwen e >0 there exists NEW

so that it is N, I oh - a ICE .



on 's get closer t closer together?

Def; We say a sequence Con ) is Candy
if for every E >o Thee exists NEIN such that

if mm > N then I an- am K E .
-

Are convergent sequences Cauchy ? Nay
,N

Tenancy
a-

a-"
ai : . ma:D



Goal : Candy sequences converse !

First step : Candy sequences are boarded
.

Pf: Suppose Can) is a Candy sequence.

Pick NE IN such that if man > N
,

Ian - aml LI .

Let M -- max ( lad, lad . . .> land, lqultl) .
If MEN then clearly Ian IEM.



Moreover, if a > N they

tank Ian- ant ant
Elan - awl + taut
< It taut
E M .
-

Gao.at : Candy sequences converse,

candy ⇒ bonded -7 has a
convergent
subsequence



Thum (Candy Criterion)
A sequence converges if and only of it

is Cauchy .

Pf : We have already seen that convergent sequences
are Candy .

Let Lan) be a Candy sequence.

Is is boarded and so by BW it has

a convergent subsequence (ane ) converging

to scene limit a .



Let E > o .

Pick N so that if a, m> N they

tan - aml L 42 , I> k

Pick KEN such that if k3k

then la - ankle Elz . Without loss
of generality we can assure K 3N.

As a consequence, nk > KZN



as well
. ( nip k )

Now it n 's N
,

I a - ant =/ a - any tank- ant
E la - ankle tank- ant
< E t Ea

Candy
= E

. Dhow
.ae


