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Prop : Suppose bn # 0 Knew
,
and

b.→ b to . Then ' lb
.

- "B .

Pf . Let M>0 be a bawd such that

11lb. ) E M for all n; this board

exists because of the previous lemma.



Let E > o . [Job: Find an N that works
.]

Since b.→ b there exists ME IN such

that Ibn- b) L ELIM for all n > N.

Then
, if n > N,

M

Ito - font. lbn-bl-i-slbn-H.tn
' tht

lbllbnl d
f Ibn - bl t . M

Ibl

( Ethel . I, = e . D



an→ a b.→b

i) anthon→ atb

ii) anbn → ab

iii ) Yb
.
→
"
b
( b¥Io tn)

[ Exercise : If b to then there is nd

so if my bn # O .]
(or : iv) can → ca fo EIR .

b. = a try



v) an - bn → a - b

⇒ ÷
.

- ÷ c :¥:*)
-

Limits and Order:

an30an→LT
an > 0 an → L 70

an
-
- ta an -0 an >o

> ?
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u
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rft
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[LTE E= - L 70

q j ↳ Ltte) -- o

oft"° The → 2L L -

2L
U



Prop: Suppose an→ L and an> o

for all n . Then L> O .

Pf: suppose to the contrary that LLO.

Pack NEIN so that if n >N
,

an> o

Ian - LIL - L .
K'd Leo

an-L

In particular, I au - LIL - L and

2L L an L O o



[ la -bloc b -Cca Cbtc

lake - caa cc ]
Thus an co . But aw > O, a

contradiction
. D

Con: If an→ a , b.→ b and

it an > bn for all y

then a > b .



Sketch: an- bn > 0

an- bn → a-b

⇒ a-b > o ⇒ a > b .

Cor ! If an > c for all u and if

ans a tuner as, c .

Exercise.



Dealing with sequence convergence

with Kraang what the limit is.

X, =3

Xz = 3 . I

43 = 3.14

Xy = 3, I 41

÷



Montone sequences .

Can)
Def: A sequence is monotone increasing

if art , > an for all n
.

an = S Hn is monotone increasing .

an = n Monotone increasing .

Does not converge. .

M



Prop: Suppose (on) is a monotone increasing

sequence and there exists MEIR such that

an EM for all n . (we call M an

upper bond for the sequence)

Then lung an = sup { an : new} .

.

→ Eoc: ' isbondaedwe]
Pt : Let A- = { dog: ne IN} . Observe

A# of since a. c- A. The set



A admits M as an upper board.

Here , by the Aoc
,
A has a supremum, s .

We claim an → s .

Let e so . [Job: find an N that works:

Ian - sk E for us, N ] .

Since S - E < s, s- E is not an upper

bond for A. Hence there exists an E. A

such that s - es au .



Now if nz N they antis anti >NAN

S - E s an f an Ss L St E .

That is
,
if n> N, I an-SIL E .

pg


