
Axiom of completeness :
'

Every nonempty subset of 42 that as banded above

admits a supremum.

Consequences : ① IN is not bounded above (ch IR)

② Numbers of the form Yu
,
new

car be made as sand as you please .

Axiom of IN

well ordering : every nonempty subset at IN bus a least

element



Prop : suppose a. b EIR
,
as b

.

Then there exists

qEQ such that

a L q < b
.

7.
f

b

q

known as the density of rational numbers .
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Pf : We will assure that azo ; the general case

then follows by an easy argument.

Pick n c- IN such that th L b - a (see Prop 1. 4.2 Cii)) .

Let s = { me IN : my > a } .
There exists ME IN such that M > na and

w
hence St 8 . ↳ GM >a

By the Well orderugot IN, S admits a least

element
,
call it m

.

I damn that as an L b
.

Indeed
,

a L Ma by the definition of S .



Moreover m- I
_n s

a ( either because nm = I

and hence m = O or betaine m- l E AV

ad m is the least element of s ) .⇐But then
isan f at this at Cb-a) ✓

= b
.

D b -a > In
-1¥
-1
←#¥

th En Fn a f b
•→ s

mln



Def: If x EIR and x & Q then x is

irrational
.

We will see shortly that there is a real number

satisfying x2= 2
.

We proved earlier but such

a number cannot be rational and is hence

irrational
. 42111Next homework : tou 'll use the density of IQ to

prove the density of the inertial

members . ← there are both

win
national ad matured
#numbers

,

a b



Nested lateral Property .

Idea : IR has
"

no holes
.

"

captures, in some sense,

the word completeness .

Intervals In = [ an, bn ] , ans bn

rested : Int , E In

1-1 I,
Flt

-2 I = Cosi]
1-1 Is he Cosi )H

-

It Iz = Co,D

Claim : AIK 't ¢ AIk= Lo, if



Requirements : the intervals here to be closed
.

In = ( o, In ]

Inn a- In In Eth

n Ik = of

↳
oppose to the contrary that X E n Ik .

So XE Ik for all k and hence x> 0 .

But then there exists new such that

th L X .

But then x # In, a contradiction
.

In = { z : OL ZE th}



The intervals have to be nested .

ten

¥0
I ,

I IZ Z

Ik = [k- b k] IN IE { 13

AEK FAIZA Is = ¢
→ a

13=243]
{q←④ : it-hee 'tth }
F
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,
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Supa
Fm

T
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Ix = [ ay, by ]
AKE sup A for all k's

.

spas be for all k

A- = { ak } nonempty, boarded above. because

has a supremum !
each bk is an

upper bond.

ak E supA E bk for all k
.

sap A E Ik for all k
.

sap AE RIK


