
best dass :

at s ) :  curve  in spacetime

msn.ft.fi:]
a

' ( s ) transforms  as  a  vector
. A  curve  is causal

 
if  a

' always os
.

fab I ds = AT ,
chase  in proper time

along cave .

elapsed tone for the traveller
fun  s

-

- a to  s - b
.

A  cure  can
be neparmeteczed :

9

- →
.

ca⇒tf
•

a ( slot ) We require ds
Tde30

so that

there b no double backing .



between points
along a causal cave

Theorem :

Proper

time f is independent of the parameterization.

Pf : Let a ( s ) be a causal cave and cars  order

the proper time between Also ) and also )
.

Let

B I o ) = a ( slot )
.

be a reparmeteizatem with so - s Coo )
,

s
,

= scar ) .

Then pilot = at C slot ) oats and

⑧'T=MEdfo sums ¥30 .

Mime  of vars
, f tappedor

-

- f !tfgcaisddsdr
= J

"

to aids
.

so



Is )

Def : A causal came  is pretendbypipeline
if g ( al

,
d) =  c

' along the curve
.

Note
,

to - such a avg

J ! to JES aids - J!1ds= b - a
.

How  much proper time  elopes fam ogeed to s=b ? b - a
.

The parmeterencodes this
.

If a is a  care  in  are  cand system I IIn ]= C'
 ' Left ]tZ

,

then 2 -

- La t Z .
( The C 's

are built  in )
.

So I '
= La '

.

In particular ,

g ( III ' )= SILL ,
↳ D= g Casal ) '

So if a is parameterized by areleythy so  as I
.



A geometric  analogy :

- Is ) go
- IR

}

Def: A  cane  in the plane I

IRD
is parameterized

by anclegth iftails ) 1--1 for alls
.

e- s . yes )= (R cos ( SIR )
,

Rs .info/R5f B

pmaneteoud by rclength . a' G) = [ cos ftp.smcsssf
.

How lag to
go  ascend the aisle ? RTR .

How far  armed the circle ? 2x R
.

As s goes  up by 1
,

so does oucleyth



Given any curve  in the plane  with at to

we  can  nepwmetecze  it by ardegth .

Plo )= alston )

B
'

(a) = a' I slot ) silo )

I = tails Iffy
So

ddsz= I ( uses tails ) It o )
lats I )

which is an ODE to  sole Sees
.

In fact

la ' Iss Ids = do

So
• = f! laiftsldt

.

Now solve far slay
.

I Possible definable: dqg , o
.

1) Solve  an ompossdbhe

But in practice,
this is awful

.

internal

z ) Solve a impossible
algebraic  ez .



Ditto
, giver a tmelike cure

, we car  alums

pnrnetecze  it by proper
time

.

Now
, given ay cure als )

,
we can determine

its target uecker at  ay point if  it  were punctured
by proper tune

. It's just

ails wlnoh has length a
.(

j5

This rescaling is the infinitesimal version at  ueparneteizaig

Def the 4 - velocity of a timelike came Lls ) is

c AKI

gCais
It's just the velocity at a repaometeczed care

.

When a
'

is tactile
,

I'll write la 't rata AnygCais



E. s . AHH f IE
, ] ,

parameterized by

Coordinate tone
.

lol ?
g Gsd ) - a - 1*4 '

=  of -

IVY=  a ( t¥f)=  CZ y
- 2

=
= ra '=rL :* , ]

-
- r

.

You
- text  uses rotation V for Is ) 's 4- velocity .

The 4 is old-fashioned .



And although re parameters is hard
,

can put ng d# is easy .

S

pc⇒= aches )

c = I plot I at Csce ) )

Ids
Fc

¥=H
FEET

If the core  is parameterized by coordinate true t

x' = I E ) and HE  act - IE )

I x 't =  c-rani
¥

!
ruberases

DE tone dilation
.



E. g .
Radial motion

ai

*
I :÷÷:D ::3

. . . . # an

in true with speed Rw
.

÷ . It :# =tFE
-

- MET

Or : Ivf (Rw )
'

so d¥=HH
How much proper tone  elapses in a  single  ratafia ?

Time for a retention : IT
0

FEE = it Kolka .

.



Consequence :

Orbiting at light speed,
time does not pass .

Consequence

④toy Head trains faster
.

Your hard is
younger

them
you

feet

Hw:ga?
Curvature at  a  cave in the plane

x
"

mixes up what the cane  is doug with
how

you parameterize it
.

How
carry is it? a) Repnin by ardern

b) la " I tells you
cumtue

.



e. g . a ( s ) = ( Rashes )
,

Rsm Iws ) ) MB

a
" ' - wz ( Roskos)

,
Rsm Cws) )

I a
" ) = wz R

µput fer the care 's image

part for the parameterization .

We can eliminate the parameterization dependence by
looks at caves pandered by aelasth .

w = I
R

Now a
"

= - tax ad la "l= In

Tiny circle
,

huge YR
. Big circle , try tp .

We call this quite ,
IN' I when his pinned

by arclegthy the conative of the cane .

Units : KL .



j
always unit length

.% How an at chase?

2
'

a at = I

so 1dg
x' so

'
= O

↳ = 2x '

.  a
"

.

So a
"

is always pep to a
.

' All a can

do is rotate
.

-

Space the picture

u in .

O



Analogously
, 4-velocity :

dying = ✓

4-  acceleration : did
de

VIA -
- CIT DIE to la 't

d¥=off . f¥= off . IT
¥ ,

w

t
Typically a  mess

* IF::c:* ) k ' '

v=¥⇒Eh÷:D

d¥=÷r⇒HE÷÷⇒T¥⇒



=

EE
:*:* ]-  we

I
/usury:c;!ztn

relativistic correction factor
.

Is infinite  if Rw=c !

e. s .
ah -

- I It , ]

day
-

- rink ] da¥Ii
= y

- I

FEE FE feet ] at . ode

-

- rlrilaifrl :3 ]
-

- er's KI trig ]



fee ¥⇒E
- I pieEE= PETE

rr 's rt¥f*H


